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CHAPTER 23

Geometrical approach to neural net control of movements
and posture
A.J. Pellionisz 1 and C.F. Ramos 2
1
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In one approach to modeling brain function, sensorimotor integration is described as geometrical mapping among coordinates of non-orthogonal frames that are intrinsic to the system;
in such a case sensors represent (covariant) afferents and motor
effectors represent (contravariant) motor efferents. The neuronal networks that perform such a function are viewed as
general tensor transformations among different expressions and
metric tensors determining the geometry of neural functional
spaces. Although the non-orthogonality of a coordinate system
does not impose a specific geometry on the space, this "Tensor
Network Theory of brain function" allows for the possibility
that the geometry is non-Euclidean. It is suggested that investigation of the non-Euclidean nature of the geometry is the key to understanding brain function and to interpreting neuronal network
function. This paper outlines three contemporary applications of

such a theoretical modeling approach. The first is the analysis
and interpretation of multi-electrode recordings. The internal geometries of neural networks controlling external behavior of the
skeletomuscle system is experimentally determinable using such
multi-unit recordings. The second application of this geometrical
approach to brain theory is modeling the control of posture and
movement. A preliminary simulation study has been conducted
with the aim of understanding the control of balance in a standing human. The model appears to unify postural control strategies that have previously been considered to be independent of
each other. Third, this paper emphasizes the importance of the
geometrical approach for the design and fabrication of neurocomputers that could be used in functional neuromuscular
stimulation (FNS) for replacing lost motor control.

------------------------------------------------------------Key words: Motor control; Geometry; Sensorimotor; Modeling; Computer simulation; Posture; Neurocomputers; Functional neuromuscular stimulation

Introduction

Experimental neuroscience must be founded in theory. Especially in the field of sensorimotor research,
it is an anachronism not to have a solid theoretical
foundation.
Today, progress towards a theoretical focus in experimental neuroscience is inevitable due to increasing pressures from computer science, from the socalled "neurocomputer" research. (Anderson and
Rosenfeld, 1987; Anderson et al., 1990). Technological breakthroughs in the development of brainlike computers will not be possible, however,

without a mathematical theory of brain function
(Pellionisz, 1983). Such a theory should emerge
from sensorimotor system neuroscience, and particularly from research of the vestibular system and
the cerebellum (Pellionisz, 1985, 1988b). From
some time now, vestibular and cerebellar research
has found mathematical modeling a necessity in
order to keep the large body of data coherent. One
promising candidate for a mathematical foundation
is the multidimensional vectorial, or coordinate system approach which appears to be one of the most
common threads in the work of a good number of
neuroscientists. In this approach, investigation first
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focused on quantitatively establishing nature's
coordinate systems (Blanks et al., 1975; Curthoys et
al., 1975; Ezure and Graf, 1984; Simpson et al.,
1986; Daunicht and Pellionisz, 1987). Then, neural
network models were worked out for transformation of such coordinates (Pellionisz, 1984; Simpson
and Pellionisz, 1984; Pellionisz and Graf, 1987; Pellionisz and Peterson, 1988; Peterson et al., 1989).
Theory provided a basis for the ''coordinate system
approach'' in experimental neuroscience (Pellionisz
et al., 1986; Droulez and Berthoz, 1987; Eckmiller
and von Malsburg, 1988; Andersen and Zipser,
1988; Berthoz et al., 1988; Bloedel et al., 1988; Georgopoulos et al., 1988; Soechting and Flanders,
1989; Fiala and Lumia, 1991; Werbos and Pellionisz, 1992).
The geometrical approach started to unfold approximately a decade ago (Pellionisz and Llinas,
1980) with the introduction of a geometrically
framed hypothesis for neural network modeling of
sensorimotor integration. According to the theory,
sensorimotor integration involves generalized vector (tensor) transformations between descriptive
vectors whose basis sets are non-orthogonal and are
related to frames of reference intrinsic to the biological system. Further, tensor theory recognizes the
likelihood that the underlying geometry of these
spaces may be non-Euclidean in nature. This "tensor theory'' of brain function is characterized by
two conceptual distinctions over previous theories.
First, the theory abandons any notion that the vectors and matrices used in a multi-dimensional approach must be expressed in a Cartesian coordinate
system, and instead emphasizes dual (covariant and
contravariant) vectorial representations of sensory
and motor vectors. Second, the theory does not presume that the underlying space must obey a Euclidean geometry. In fact, the theory emphasizes the
likelihood that the geometry is non-Euclidean, and
that it is precisely this aspect of the space which
holds the key to understanding brain function (Pellionisz, 1991).
Introduction of this geometrical approach to understanding of the function of biological neural net-

works ran parallel with the ascent of neurocomputing (Hopfield, 1982). It became evident that overall
functional performance ofthe CNS (such as sensorimotor compensation in gaze control and its adaptive
cerebellar coordination) must be explained not only
in mathematical terms but also in terms of the computational properties of neural networks (Pellionisz
and Llinas, 1982). Over the past decade, two schools
of thought developed. According to the intrinsic approach, mathematics of brain function inherent in
neural nets, such as those of gaze control, must be
learnt from the biological substrata (Pellionisz,
1985). Once principles are discerned from nature,
their transfer to and utilization in engineering
should pose the secondary, less severe problem (Pellionisz, 1983). The other, alternative school of
thought maintains (implicitly) that neuroscience is
not yet mature enough for revealing nature's mathematical principles, and that mathematicaltheoretical tools must be imported to neuroscience
from engineering. This "extrinsic" approach was
expressed by an emulation of the multidimensional
approach in gaze research (Robinson, 1982). He imported mathematics of engineering, that is, he used
vectors and matrices in a Cartesian sense implying
Euclidean geometry, rather than learning the nature
of geometry from Nature and developing the field of
intrinsically non-Euclidean neural geometry.
Others expressed doubts about the geometrical approach (Arbib and Amari, 1985).
The drive towards ''intrinsic'' coordinate systems
and neural net transformations has led to a neurocomputational learning paradigm of cerebellar
neural nets (Pellionisz and Llinas, 1985). This
mathematical theory has been experimentally confirmed (Gielen and van Zuylen, 1986; Pellionisz and
Peterson, 1988). Presently,· this research proceeds
not only towards elaborating neural network
models of complex gaze reflexes, but also towards
using them as blueprints of neurocomputer prototypes (Pellionisz et al., 1990), as well as towards experimentally revealing the non-Euclidean neural geometry (Pellionisz and Bloedel, 1991). Moreover,
the initial pioneering approach towards revealing
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gorithm developed in engineering (Werbos, 1974)
has been brought into gaze research (Anastasio and
Robinson, 1989) just at the time when its inventor
looks "beyond backpropagation" (Werbos and
Pellionisz, 1992). This trend runs counter to the' 'intrinsic" approach which aims not only at discerning
mathematics of nature but applying it to neural net
technology (Pellionisz and W erbos, 1992; W erbos
and Pellionisz, 1992).

the geometry of metrical gaze-control function, has
been broadened towards neural geometries including non-metrical spaces (fractals) (Pellionisz, 1989).
An alternative to the mathematically based and
experimentally proven tensor network theory of
gaze reflexes has not been presented by the critiques
of the approach. In fact, within a decade, the critique itself turned towards the formerly criticized
tensor geometry (Amari, 1991). International recognition of the geometrical approach is also expressed in Germany (Eckmiller, 1990).
Importing concepts into neuroscience from technological neural net studies has not stopped. For instance, the "backpropagation" mathematical alCustomarily, N-tuplets are
considered Cartesian vectors

Theoretical methodology
The geometrical approach to modeling brain function has been described previously (Pellionisz and

N-tuplets, as found in biological neural nets, may be assigned to physical invariants (such as
distance d ) by means of generalized (non-Cartesian) coordinate systems. Dual vectorial
expressions are connected via a metric tensor, which is essential to measuring distance.
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Fig. 1. Fundamental differences of vectors expressed in a Cartesian orthogonal system of coordinates (panel on left) and generalized
(co- and contravariant) vectors expressed in non-Cartesian frames (panel on right). Most importantly for Cartesian vectors, distance
can be calculated by the Euclidean measure, while for generalized vectors, found in natural neural networks, the establishment of the
metric is needed to measure distance.
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Llinas, 1985) and its main tenets are shown in Fig.
1. Generally speaking, neural network theory and
modeling involves the "metaorganization principle'' which allows for the transformation of sensory
afferent information into motor efferent activities
that generate intentional motor behavior. Both the
sensory and the motor signals are expressed as multidimensional vectors, and thus the neuronal network
behaves as a tensor, sending the former to the latter.
CNS function can thus be described in terms of
the underlying geometries defined by these metric
tensors. In this mathematical framework, the sensory afferents would define a covariant vector while
the motor efferents would define a contravariant
vector. The fundamental mathematical principle involved is that simultaneous knowledge of both the
covariant and contravariant vectors, as they span a
global moving frame, completely determines the geometry of the space, or manifold, defined by the
neuronal network. The significance of discussing
CNS function in terms of its underlying geometry is
that, although the metric tensor is often written using a local coordinate system, the geometry of the
manifold is coordinate system-independent. Thus,
while the activity of a neuronal network might be interpreted with respect to the high-dimensional
covariant/sensory and contravariant/motor coordinate systems involved, the key to understanding
CNS function rather lies in discovering the geometry
of the manifold. The emergence of neuronal networks that perform sensorimotor integration results
from the interactions between the contravariant/motor execution, generating a physical action
in the external world via the musculoskeletal apparatus, and the covariant/sensory proprioception
which measures the effect of such motor output. In
this transformation of contravariants to covariants
by the physical morphology of the motor system, a
covariant metric tensor is implicitly present.
However, coordinated motor action employs
proprioceptive feedback information in generating
appropriate motor behaviors. Hence, a contravariant metric tensor, transforming sensory afferents
into motor efferent activities, is also required and
provided in a neuronal network in the CNS. This

tensor is assembled based on the metaorganization
principle in which covariant proprioception is used
as a recurrent signal to the motor apparatus, yielding the eigenvectors and eigenvalues of the neuronal
network. The stored eigenvectors can serve as a
means for the genesis of a metric tensor, while the
eigenvalues can serve as a means of comparing the
eigenvalues that are implicit in the musculoskeletal
apparatus to those of the CNS tensor. The difference between these eigenvalues is then used to
modify the metric so that it evolves to perform a
more acccurate covariant-contravariant transformation.
Applications of the theory

Functional geometry of Purkinje cell population
responses as revealed by neurocomputer analysis
of multi-unit recordings
As originally introduced (Pellionisz, 1988c), the
so-called multi-unit recording technique provides
both an opportunity and a need for a geometrical
analysis. Multi-electrode techniques have been pioneered through the past decades (Wise et al., 1970;
Freeman, 1975; Pickard, 1979; Pochay et al., 1979;
Prohaska et al., 1979; Kuperstein and Whittington,
1981; Reitboeck et al., 1981; Bower and Llinas,
1983; Reitboeck, 1983a; Reitboeck and Werner,
1983; BeMent et al., 1986; Carman et al., 1986;
Eichenbaum and Kuperstein, 1986; Gerstein, 1987;
Eckhorn and Reitboeck, 1988). While processing
multi-electrode data is most commonly a correlation
analysis (Kruger, 1982; Gernstein et al., 1983; Reitboeck, 1983b), lately the geometrical approach was
taken (Aertsen et al., 1986) proposing an interpretation of neuronal activities of n neurons as a point in
then-dimensional vectorspace in which a Euclidean
geometry governs.
As shown in Fig. 2, it was pointed out (Pellionisz,
1988c) that instead of the automatic assumption of
a Euclidean metric tensor of neural n spaces (on
which calculation of geometrical features, such as
distances, would be based) the approach needs to be
reversed. Geometrical analysis of multi-unit data
cannot start with a well-defined geometry (it is basi-
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cally unknown). Instead, the multi-electrode analysis method must be the means which results in ageometry, as discerned from experimental data. This
appeal was well taken by the community concerned
with multi-electrode recording techniques, because
it was readily accepted that the assumption of Euclidean geometry is arbitrary; however, for some time,
no specific experimental paradigm offered a concrete procedure to define the geometry (measure the
metric tensor) of the neural n space.
A cooperative project of AJP and Dr. H. Reitboeck has led to an experimental paradigm by which
the geometry (metric tensor) of the neural n space
underlying vestibular and cerebellar functional
spaces can be quantitatively established. Fig. 3 out-

lines a skeletomuscular model of the eye-head-neck
system coupled with a neural network model of the
vestibulocerebellar intrinsic coordinate system
transformation (after Pellionisz et al., 1990). As
shown in Fig. 3A, at two stages of the transformation chain of intrinsic vectors, the experimentally
presented physical invariants (such as distances in
the angular acceleration space) are represented as
covariant, sensory-type vectors. This is physically
proven at the first stage, at primary vestibular neurons, as the vestibular semicircular canals take orthogonal projection components of the head acceleration (each in its own plain). Tensor network
theory predicts that the cerebellar input (intercepted
at the level of cerebellar Purkinje cells) is also a
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covariant (sensory-type) intention vector (although
it is expressed in the motor frame of reference). Fig.
2E shows (for elaboration, see Pellionisz, 1988c)
that in case of such covariant vectors the crosscorrelogram table of firing frequencies converges to
the covariant metric tensor, from which the contravariant metric can be calculated by the MoorePenrose generalized inverse (Albert, 1972). The proposed procedure of multi-unit data analysis, therefore, yields a specific measure of both metric tensors
of the neural n space by which the internal geometrical representation of external physical invariants
can be appropriately calculated (Fig. 4).
Fig. 4D demonstrates that the direct use of Euclidean distance algorithm on such covariant vectorial
expressions would yield a completely erroneous and
non-unique "measurement" of such distances. As

most sensorimotor coordination events are based on
''navigation'' of animals in the extrinsic physical
space-time manifold, it can be expected that the
above type of analysis will reveal how intrinsic
metrical geometries (embodied in sensorimotor neural nets) "embed" the external physical space.
The goal of a specific multi-electrode study using
experimental data obtained from Bloedel's laboratory (Schwartz et al., 1987) was to determine properties characterizing the population responses of neurons in specific CNS nuclei and to relate those
properties to the geometrical tensor theory
described above. For this purpose, responses of up
to ten simultaneously recorded Purkinje cells were
investigated during perturbed and unperturbed
locomotion in acutely decerebrated cats. Multi-unit
recordings were made to intermittent perturbations
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Fig. 4. How does the brain geometrically represent the external world? Schematic diagram of the theoretical-experimental reconstruction of external invariants such as distances and directions (panel A) by neural networks of the brain (panel E). Panel B illustrates a
sensory coordinate system intrinsic to neural measurements of external invariants. In the specific case of the vestibular semicircular
canal apparatus, such physical invariants are points (distances in the angular acceleration space, which are measured by the nonorthogonal coordinate system of the vestibulum). Panel Cillustrates a firing frequency response of an array of neurons (detectable from
the vestibular nuclei). Given that such an activity vector is covariant, Euclidean measurement and reconstruction of distances is grossly
erroneous and non-unique (see "reconstruction of input A" in panel D) Using the proposed paradigm for the geometrical analysis of
multi-unit recordings, the cross-correlation analysis of firing frequencies yields the metric tensor of the functional space; by this, the
external invariant can be faithfully reconstructed (panel E).

252

of the forelimb, and also during the _acquisition and
performance of a forelimb movement conditioned
to avoid an obstacle. The population responses were
analyzed based on a method for calculating nonCartesian axes from the cross-correlogram of the
neural activity of n neurons. This procedure also
yields the matrix characterizing the covariant matrix
tensor (Pellionisz, 1988c). Using a transputer-based
neurocomputer (Pellionisz, 1991), the MoorePenrose generalized inverse (Pellionisz, 1984) was
used to derive the contravariant metric tensor
characterizing the geometry of the population
responses.
The results indicated (Pellionisz and Bloedel,
1991) that the geometry describing the population
responses is expressed in non-Cartesian coordinates
and that the characteristics of the underlying geometry of the network are comparable to the geometrical
characteristics of the locomotor movement. Furthermore, the data revealed that the geometry of the
responses is modified when the characteristics of the
movement are altered, either by perturbing the
swing phase of the ipsilateral forelimb or by changing the treadmill speed. These experimentally found
changes in cerebellar Purkinje cell firings provide a
possibility of interpreting cerebellar adaptation in
terms of alteration of the functional geometry of
cerebellar neural network. Initial findings suggest
that the derived geometry of the population
responses may be the basis for reconstructing physical invariants such as movement direction and distance. If so, this theoretical-experimental method is
a candidate for deciphering the neural code internally representing invariants of the external world.

Full-body postural control modeling of a standing
human and the unification of "hip versus ankle
strategies"
Intentional movements and postural control are
phenomena arising from the interaction of three
kinds of geometries. The first is the physical geometry of the external world. This "movement space"
is endowed with a Euclidean geometry. The second
is the geometry of the musculoskeletal apparatus.
This can be described in any coordinate system, for

example in the same (x, y, z, t) external frame of
reference, used to characterize the external world.
However, it must be clear that the CNS uses intrinsic
coordinate systems for neural control of movements
and posture, such as frames composed of the pulling
directions of muscles. These are typically overcomplete, non-orthogonal (mathematically, general)
coordinate systems. The third, definitely intrinsic
geometry is spun in the functional space by firing
frequencies of populations of neurons that generate
intentional movements and/ or postural stability.
This third, intrinsic neural geometry may be inherently non-Euclidean and its features can be
described by its (e.g., position-dependent) metric
tensors.
Therefore, an approach that conceives intentional movements and postural control geometrically leads to questions of: (1) the quantitative
representation of coordinate axes intrinsic to
skeletomuscular effectors; (2) the mathematical formulation of generalized coordinates and their (tensorial) transformations; and (3) experimental establishment of functional geometries by microelectrode recordings of the neuronal network activities.
Graphics-based computer models of various
skeletomuscular systems, such as of eye-head-neck
apparatus of the monkey (Pellionisz, 1988b; Pellionisz et al., 1990) have shown that sensorimotor
function can be mathematically represented as a
transformation of generalized coordinates via sensorimotor neural networks (see Fig. 3 and Pellionisz, 1988b).
As a preliminary approach to understanding
balance and postural control in standing man, a
similar skeletomuscular model was outlined for the
full body, a five-link inverted pendulum model in
the framework of tensor theory. The model incorporates the following links and muscle groups:
head-neck (rectus anticus and splenii capitis), trunk
(rectus abdominus and erector spinae), thigh
(quadriceps and biceps femoris), shank (tibialis anterior and gastrocnemius), and the foot (tibialis anterior and soleus) (Fig. 5).
As shown in Fig. 5, simulations using the nonEuclidean geometry of a ten-dimensional muscle
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Fig. 5. Postural control model of a standing human, using a 10-muscle full-body skeletomuscular computer model. The postural control
strategy is a clear combination of a hip strategy (left three insets), and an ankle strategy (right inset). Figures are taken from video computer simulation.

space conceived posture as being functionally
equivalent to "full-body gaze". This can be
described as a peering type of motion of the entire
upper body (head-trunk). Such an intentional forward gaze might be made, for example, in leaning
over to look down a steep cliff. Likewise, an intentional backward gaze might be made, for example,
when following the motion of a jet-craft flying
towards the observer and then immediately overhead.
The central question considered with this type of
"whole-body skeletomuscular computer model"
was whether or not postural control strategies for
maintaining balance during these types of movement varied in terms of "hip" versus "ankle"
strategies (N ashner, 1977). Simulations of the
present model imply that the so-called "hip strategies" for postural control are not fundamentally
different from the so-called "ankle strategies".
Rather, they are simply different manifestations of
the same underlying postural control function expressed by the same neural network, governed by a

non-Euclidean geometry for the postural muscles
involved.

Future projection: neurocomputer
implementation of neural control of movements
and posture for junctional neuromuscular
stimulation
The third avenue of research is in the possible biomedical application of the basic neuroscience
research that would establish such functional geometries, as exemplified by these first two studies.
The application would be in the design and development of neurocomputers for functional neuromuscular stimulation (FNS). Such an optimally
designed stimulator would artificially generate
natural, coordinated movements ofthe limbs, while
also providing postural control and stability to paralyzed individuals. To date, no bioengineering application of the theory has yet been made, and it is the
hope of the authors that interest in this field would
be sparked by the ensuing discussion.
The geometrical approach is expected to lead to
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design and fabrication of neurocomputers that
could be used for replacing lost (biological) control
by functional neuromuscular stimulation to generate artificial movement, balance and posture (Pellionisz, 1988a, 1991). Indeed, given the explosive
rate of progress of neurocomputer theory and development, it is reasonable to expect that electronic
implementation of "geometrical machines" will
proceed before the book on neural geometry is completed. Novel generations of neurocomputers are
likely to take full advantage both of the functionality that is not attainable by limiting massively
parallel array processing to Cartesian vectors (such
as the distinction of sensory and motor type expressions), and the flexibility of the architecture
designed to accommodate generalized vectorial
operations (which fully include the rather specific
Cartesian vectorial operations). While such a
processor is presently in the development stage (employing INMOS transputers on a Macintosh-II platform), the hardware-software neurocomputer development will co-evolve with those theoreticalexperimental advances that provide the basic
research background of technological development.
A Functional Neuromuscular Stimulation project
that uses neurocomputers fashioned after the functioning biological neural control will complete the
circle from learning neural geometry from Nature,
to formalize such geometries mathematically, to implement them electronically and, finally, to use "artificial neural networks" for effectively replacing
lost movement and posture control. A functional
neuromuscular stimulation project of this type by
definition integrates skeletomuscular computer
modeling, neurocomputer research and development and mathematical (geometrical) theory and
modeling of neural network control of movements
and posture.
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