(53)

PROCEEDI~GS

r

VISl70!·10TOR

OF THE SECOND WORKSHOP ON

COORDI~ATIO~

IN FROG AND TOAD:

MODELS AND E::XPERINEKTS
organized by
Rolando Lara

and

~.fichael

A. Arbib

COINS Technical Report 83-19
\

Computer and Information Science

OF NATUR~L COORDINATES VIA
NEURONAL NETWORKS: CONCEPTUAL AND FORMAL UNIFICATION
OF CEREBELLAR AND TE:TAL MODELS

SE~SORIMOTOR TRANSFO~~TIONS

A. Pellionisz
Department of Physiology & Biophysics
New York University Medical :enter
550 First Ave,, New York, N.Y.

I. INrRODU:TION
In comparing the development of models dealing with the anatomy and
physiolo;y of the tectum and cerebellum, their similarities are more striking
than their differences.
In fact, there is a parallelism between the two lines
of research, which is evident at several levels of the analysis.
~iven their
common features and the fact that much more time and effort has been invested in
cerebellar than in tectal research, a cross-fertilization initiated from
cerebellar modeling and perhaps a merging of these hitherto separate attempts at
understanding CNS subsystems may now be mutually beneficial.
In this paper, a brief outline of the parallelis~ is given from the point
of view of a cerebellar modelist. This is followed by some ideas of how the two
fields could be merged, if desired, by using both a common conceptual approach
and a unified formalism of analysis.
II. DRAWING A PARALLEL BETWEEN CEREBELLkR AND TECTAL MODELING
First
Level:
Establishing
the
Structural
Basis
of
Function
from
Morphology.
Fundamental features of the material basis of CNS function, the
basic neuronal networks of different subsystems, had been revealed quite early
by Ramon y Cajal (1911).
However, the explicit goal of deducing a rudimentary
structure-functional scheme, in order to serve as the anatomical basis for
modeling of the function of the cerebellum, organized in _parallel, had not been
set until the so-called lateral inhibition scheme (Szentagothai 1963, 1968).
For the tectum, a conceptually and methodolo;ically comparable attempt was made
by Scalia et al. (1968), Szekely (1973), Szekely et al. (1973, 1976) and Sprague
et al. (1973). Fig. 2. in ref. Szekely et al. (1976) now serves as a generally
accepted basic morphological scheme for the structure-functional interpretation
of the tectum.
Second Level: Establishing the Functional Features of the Neuronal
Elements.
The most important functional properties of single neurons in the
cerebellum were revealed chiefly in the papers of Eccles, Llinas and Sasaki
(1966a,b,c,d) and Ito & Yoshida (1964).
A corresponding set of investigations
of the tectum is comprised in the work of In;le (1973,1975,1976a,b), Ewert
(1970,1971, 1976), Ewert & Ingle (1971), Grusser & Grusser (1976). As a result,
basic information is available to explain the function of both of these CNS
subsystems in terms of the properties of neuronal elements.
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Third Level:
Synthesis of the Knowledge on Structure and Function:
Phenomenological Computer M::>delin;.
In the late sixties, a wealth of data was
amassed in cerebellar rasearch and was consolidated into a single volume (Eccles,
Ito & Szentagothai 1967).
The book challenged brain modelists & theorists to
synthesize this large array of disparate data into a coherent body of knowledge
and then to transform this knowled;e into a conceptual understanding of this part
of the CNS. Likewise, in the early seventies, a collection of morphological and
physiological data from. the tectum was also gathered (Ingle & Sprague 1972),
posing a similar challenge to brain modelists & theorists.
Fulfilling these goals re~uired several steps.
In the case of the
cerebellum, attempts 'lllare first directed towards developing single cell models,
capable
of
encompassin;
the
dynamic
temporal
characteristics
from
electrophysiological observations.
using a multicompartmental Hodgkin-Huxley
model of Purkinje cells, explanations were offered e.g. for the dynamism of
generating simple and complex spikes (Pellionisz & Llinas 1977), and for the
plastic characteristics of such firings (Pellionisz 1976).
A subsequent major
approach in phenomenological model.ing was to provide a computer simulation of the
neuronal interconnections in a large network model.
Such studies of the
cerebellum were carried out e.g. by Pellionisz & Szentagothai (B73, 1974) and
Pellionisz,
Llinas
& Perkel
(1977).
(For
the
general
philosophy
of
phenomenolo;ical modeling of the cerebellum see e.g. Pellionisz (1979b) .)
As for the tectum, just as any work on :norphol:::>gy can be traced back to
Cajal 1 s studies, most models of the superior colliculus have some roots in
ncculloch & Pitts 1 early attempts.
Specifically, Pitts & r~cCulloch (1947)
envisioned a sche;ne of neuronal networks, including that of the collic·.Jlus, as
controlling eye movements.
.9y tiein; the workings of a neuronal network to a
physically measurable emergent function, they deviated rather sharply from their
previous model of neurons implementing Boolean algebra (AcCulloch & Pitts,
1943). Unfortunqtely, they did not continue to develop their later model into a
conceptually and formally explicit treatise of the internal representati::>n of
external invariants.
Instead of further clarifying the conceptology, Lettvin,
Maturana, McCulloch & Pitts (1959) turne::i this approach towards phenomenology,
trying to relate the model more closely to the slowly consolidating data-base.
Lettvin 1 s line was resumed during the upswing of modern modeling (Didday
1970, 1976).
At the meeting in 1972.(see Ingle & Sprague), it became clear,
however, that an orchestrated effort was needed to bring the experimental data,
turned out with increasing speed through the seventies, into harmony; in the form
of phenomenological and then, perhaps, of conceptual models. Dr. Arbib set up a
framework to encompass such essential team-effort by initiating these two
workshops on visuomotor coordination in frog and toa:l.
Phenomenological models
of the tectum, contained in this frame, are
a) single cell computer models
(Lara, Arbib & Cromarty 1982), capable of reproducing the dynamism of firings
(cf.
Ingle
1975);
b)
computer
models
of
the
retinal-pretectal-tectal
connectivities (Lara, Cervantes & Arbib 1982, Lara 1982, Lara & Arbib 1982). For
insights to the philosophy of these codels, see Lara & Sandoval (1982).
Fourth Level: Transformation of Knowledge into Understanding ~NS Function:
Conceptual i"iodels. The parallelism between cerebellar- and tectal modeling can
also be drawn at the most significant level of analysis. This is the conceptual
identification of the function of a specific subsystem of the CNS, and the
demonstration of how the observed structurofuncti:::>nal properties enable the
neuronal mechanism to perform its function.
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As for the evolution of concepts of cerebellar function, motor coordination
has long been con.:::luded to be the role of the cerebellum (cf. reviews listed in
Dow & :loloruzzi 1958, Pellionisz 1979a or Llinas & Simpson 1981).
Nevertheless,
some early models were restricted only to stating the problems (e.g. Arbib,
Franklin & Nilsson 1968) or aimed only at ideas concerning specific subsystems of
the total circuitry (e.g. Szentagothai 1963, 1958, Pellionisz 1970).
Other
models identified tile function as being limited only to a facet of what is known
as co~rdination, either in the form of •timing• (Braitenberg & Onesto 1961), or
control of •synergies" (sets of parameters) in the Bernsteinian sense (Boylls
1974, 1981, Arbib, Boylls & Dev 1974).
Eventually, the realization that the
function-identification of the cerebellum as a •learning machine" (Brindley 1964,
Grossberg 1964, Smolyaninov 1966, Eccles et al., 1967, Szentagothai 1968, Marr
1969) was both overly narrow and mistaken, led Marr (1982, p.lS.) to repudiate
his earlier theory that reduced the cerebellum to a pattern-recognizing
function.
While Ito (1982) still str~sses the possibility of plasticity within
the cerebellum, it is often pointed out by him and others that the primary role
of the cerebellum appears to be coordination, secondary is perhaps timing
(prediction) and a tertiary may invoke plasticity.
It is emphasized here, that
while a degree of plasticity probably cannot be excluded from any subsystem of
the CNS (as a general means for the living organism of becoming able to
function), it may be a philosophical error to mistake the becomin3 for the
function.
For example, in "learning to read" the function is rea:Hng, whereas
the learning is just the development of the function.
We suggest that the
cerebellum serves as a space-time coordinator (by acting as a predictive
space-time metric; Pellionisz & Llinas l982b) and the genesis and modification of
this metric tensor-like circuitry entails phenomena associated with plasticity
(Pellionisz & Llinas 1981).
There is a need for a gradually enlarging view of the function of CNS.
subsystems. This is clearly pointed out by the evolution of the conceptology of
cerebellum, outlined above.
Integrative cerebellar theories cannot exclude any
specific aspect of the function; in fact, Tensor Theory does consolidate e.g. the
elements of timing, plasticity, control of a set of parameters or lateral
inhibition.
On t.lle other hand, subsystem-theories that are restricted to only
one or a couple of such aspects, brilliant as they may be (such as e.g. the
Braitenberg' •timing" notion), they serve as transient, too sharply focused
flashes on the details.
Also, such narrow presentations usually have to be
rather considerably reinterpreted when eventually they are fitted into a model
'1\'ith enou·gh power to enlighten a much broader perspective.
A trend towards unification, starting with integrating different aspects of
the function of cerebellum into a coherent model cannot stop at the boundaries of
the cerebellum. It has long been questioned, for example, "Can we make a real
systems approach to cerebellar function without modelling the whole motor
system?" (Arbib et al., 1968). The real challenge to a brain theorist & modelist
is, therefore, whether one can integrate one's separate models of particular
subsystems of the brain. For instance, can one merge models of the motor part of
the CNS (cerebellum) with available models of a sensory part (tectum) thereby
generating a model of how the sensory transforms into the motor (cf. ~robstein et
al., 1982)? The goal of developing entire sensorimotor models is explicit e.g.
in Arbib, Boylls & Dev (1974), whereas the disparate models of the cerebellum
(Boylls, 1974) and that of the tectum (Arbib, 1982) have yet to be integrated
into a meaningful whole.
Tne goal of theoretical brain research, it seems, is not the modeling of any
specific part of the CNS per !.!•
In the process of developing an integrated
brain theory, it may only be for technical reasons that research is concentrated
first on the simpler, and then on the more complicate:i parts of the brain.
It
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nas already been stressed that, for instance, the cerebellar theory is aime::l at
finding the unifying conceptual and formal means by which the brain as a whole
can be understood (cf. Pellionisz & Llinas 1979b, 1982ab), and this understanding
utilized (cf. Pellionisz 1983a).
The evolution of con::eets on the function of the tectum, unfortunately, is
not as advanced at this time as that of the cerebellum.
Indeed, the general
underlying theme appears to be the rather vague notion (cf. Ingle & Sprague 1972)
that the colliculus serves as a sort of sensory coordinator for visually (and
acoustically) guije::l behavior; examples are the eye-sa::cade in higher mammals or
the bo::ly saccade (snap)
in lower vertebrates
(amphibia).
This general
description, not unlike the notion that the cerebellum is a motor coordinator, is
approached by experimentalists from different conceptual standpoints.
One s::hool of experimentalists works at heuristic behavioral level (pray
catching and avoidance in frogs and toads)
combined with single cell
electrophysiological studies (cf. Ewert & Ingle 1971, Ewert 1976, Ingle 1976).
Neuronal modelin3 & brain theory· is already contributing to this approach by
filling the gap between the single cell.and behavioral levels of phenomenology by
computer modeling (Lara & Arbib 1982, Lara, Arbib & Cromarty 1982, Lara,
Cervantes & Arbib 1982). Another expected contribution of brain theory woul::l be
to fertilize such phenomenological mo::lels with concepts that the CNS may utilize
to be able to play the role of sensory coordinator.
In another major approach, through the elegant stu::lies of Sparks and
colleagues (Sparks 1975, Sparks & Pollack 1977, Sparks & Mays 1981, 1983, Sparks
& Porter 1983), the function of the tectum is not only experimentally
investigated but the data are also conceptually interpreted, albeit not quite
modeled, as representing (not in a retino::entr ically but spatially coded for:n)
the saccade-vector of the eye movement. This approach centers neuronal firings
of the tectu:n and the well-measurable physical events (the r.1ovement of the eye)
around the powerful concept of vectorial representation. It is, indeed, unlikely
that coordination can be explained without using coordinates.
In this paper, by introducin~ a metho::lology capable of handlin3 natural
coordinate systems in which such CNS vectors are expressed, an integration of
tectal experimental data an::! models is proposed, as well as formal-conceptual
unification of tectal anj cerebellar models into a tensorial sensorimotor scheme
is offered. This cerebellar modelist & brain theorist has been asked to put
other parts of the brain, e.g. the te::tum, into the focus of the conceptual and
formal approach already elaborated for other subsystems of the CNS. l'hus, this
study serves as a precursor to our forthcoming full ·paper which applies Tensor
Network Theory to tectal systems.
If what seems con::eptually and formally
applicable to one part of the brain appears to be applicable to other subsystems
as well, then one may ::laim some general understanjing of the brain in a more
profound sense than that inherent in phenomenology.
Tensor Network Theory of the Central Nervous System (Pellionisz & Llinas
1978, 1979a,b,c, 1980a,b 1981, 1982 a,b) has already implicated sensorimotor
transformations an::! has proposed a functional role of the tectum (cf. refs. 1982
a,b). The theory itself is not exposej in the scope of this work; the reader is
referred to the original papers and the explanations which put them into
perspective (cf. Llinas 1981, Llinas & Simpson 1981, Pellionisz 1983a,b). The
rest of this paper is limited solely to a further illumination (with the help of
the composite diagram of Fig. 10.) of how the conceptual and formal approa::h of
Tensor Network Tneory may be applied to general integrated functions of the CNS,
as sensorimotor transformations inclu::ling tectal, cerebellar and other neuronal
networks of the brain.
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III. APPLI:ABILITY 0?

l'E~SOR

NETwORK THEORY TO SENSORIMOTOR t10DELING

The fundamental thesis of Tensor Network Theory is that the function of the
CNS is to deal ;..ri th invariants (physical objects) of the external world by means
of int~rnal coordinates which are transfor.ned through neuronal networks.
For
example, the space-time event of a movement (a fly's path, the movement of the
frog's head, or of the whole body during a snap) is usually assigned externally
with x,y, z, t Cartesian coordinates in a Newtonian space-time reference-frame.
However, inside the CNS these movements are both detected and generated by
concerted activities of many neurons, which mathematically constitute internal
vectorial com?onents assigned to the external invariant.
Such sensory and motor
vector components are e.g. the firing frequencies of neuronal axons arising from
the usually non-orthogonal vestibular semicircular canals, and firing frequencies
of motoneurons that innervate a set of hindlimb muscles involved in a snap.
There are major differences, understandably, between CNS vectors (ordered
sets of quanti ti ties) that express external invariants in natural coordinatesystems and vectors expressed in the "regular" (man-made, x,y,z Cartesian,
three-dimensional, orthogonal) frame of reference.
Two of the many differences
are self-evident. First, the number of CNS vector-components is potentially much
higher than three (even for the quite compact vestibular system, the numbar of
semicircular canals is six, and the skeletal muscles involved e.g. in a snap are
obviously
more
numerous) •
Second,
the
coordinate-axes
are
usually
not
perpendicular to one another, not even in the vestibulum (c.f. curthoys et al.,
1975). Thus, an analysis of the CNS in terms of dealing with external invariants
by means of internal vectors presents both a possibility and a problem.
The oromise is that CNS function can be conceptualized in a mathematically
precise manner as representing an external invariant in different sensory and
motor frames of reference, where the operation is identified as tranformation
from one vectorial expression to another.
In the composite Fig. 10. of this
paper, for example, a four-dimensional oblique optic-auditory frame of reference
is shown.
Here the axes at 60° may be thought of a.s reference for audition,
while the 120 ° directions as visual axes.
In turn, the vestibular reference
frame is represented as a three-axis oblique system.
In a much more abstract
canner,. the motor frames of how a set of neck or forelimb muscles >-lould yaw or
roll the head, or how a set of hindlimb muscles would move the whole body in a
snap, are symbolized in the figure only oy two dimensional non-orthogonal
frames.
Since tensor operations can be described in a generalized referenceframe without invoking any specific one, the restriction of the pictoral
symbolism into 2 and 3-dimensional graphs ;..rill in no way invalidate the
approach.
However, such simple heuristic diagrams will keep the the tensorial
blueprint of an amphibian CHS at a not totally unreasonable level of complexity.
The problem that this approach raises is twofold: a) How can vectortransformations be implemented by the CNS so that an object is expressed first in
one one and then in another frame so that the two vectors represent the same
invariant (e.g. detecting a target in optic-auditory frame, and then moving the
body, using another, motor frame of hindlimb muscles and thus achieve a spatiotemporal coincidence of the target and the body).
b) How can such vectorrepresentations of invariants be treated by neuroscientists in a conceptually and
formally homogeneous abstract manner? Our answer to this double question is the
basic tenet that Tensor Network Theory invokes.
According to a general
conceptual definition, a tensor is a matematical device that expresses the
relation amon3 (possibly an infinite number of) different vectorial expressions
assi;ned to the same invariant (cf. Pellionisz & Llinas l982a).
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While tensors are abstract instruments, in a particular frame of reference,
a tensor transforming one kind of vectorial expression of an invariant into
another :nay be implemented oy a matrix with particular numerical components.
Given a net~ork, connecting n input nearons to m output neurons, mathematically
representing an nxm m:!tr ix, the general function of such a neuronal network can
be identified as oerforming a tensor transformation.
A common oroblem, which laads to misunderstandings is that the general
mathematical tool of tensor analysis is now being used in a novel scientific
application.
Thus, the usage is, by definition, unconventional.
rensors have
been primarily used in en;ineering, describing tensions in elastic bodies (hence
tensors).
In ordinary engineering applications, for reasons of convenience, the
selected
reference-frames
are
nearly
always
three-dimensional
ortho;onal
Cartesian systems of coordinates. As a result, the meaning of the word "tensor•
to many engineers, is identical to the narrowly defined "Cartesian tensor applied
to a linear system and implemented by a 3x3 matrix".
A subsequent major
a?plication of tensor theory, relativity, stressed the importance of general,
unspecified coor.Jinate-systems.
Thus, tensors were no longer limited to linear
systems (relativity theory is a· nonlinear tensor theory), and the reference
frames could be multidimensional and non-conventional (e.g. non-orthogonal)
systems of coordinates. However, precisely because rel:!tivity theory is a highly
abstract construction, the tensorial description nearly always remained in the
realm of the abstract, using general reference-frames without numerically
operating in any particular non-conventional frame of reference.
In Tensor ~etwork Theory of the :entral ~ervous System it is necessart to
deal ~itn bot11 the abstract description (for conceptual understanJ.in;) and with
the particular expressions in the specific coordinate systems dictated by natural
selection.
l'hese
frames
include
ni;hly
non-conventional,
e.·3·
oblique,
overcomplete reference frames.
If one desires to trace the actual neuronal
i~plementation of transformations, one has to numerically deal ~ith such natural
frames of reference. Therefore, for a neuroscientist to use Tensor Theory it is
necessary
first
to
familiarize
oneself
with
peculiarities
of
vectorial
expressions in non-orthogonal frames of reference.
Indeed, in every novel
a?plication of any mathematical approach, one must always overcome an initial
resistance to the non-conventional usage of an abstraction, necessitated by the
new scientific application
(cf. Dirac-delta, or the notion of
imaginary
nu;nbers).
In the case of tensors expressed in Natare's general non-orthogonal
coordinates, this may mean tensors implemented by non-square nxm matrices, where
the components may not be constants, and where non-linearities are often
implied. It is also quite likely that, as in any new scientific application, the
mathematical apparatus itself will need further development by perceptive, able
and willing mathematicians.
The single most important feature which reveals the non-conventional
character of Tensorial Brain l'heory is the utilization of the mathe~atical
distinction between the two kinds of basic forms of vectors in non-orthogonal
frames: covariant and contravariant vectors.
Tnis distinction is not always
necessary in Cartesian frames, e.g. in the theory of elastic tensions. However,
relativity theory made profound use of their differences. This author introduced
this distinction into neuroscience ¥~ith Fig. 3. in Pellionisz & Llinas 1980a.
Since this distinction is of cardinal importance in Tensor Tneort of CNS, the
reader must clearly understand it before .proceeding.
The significance of
covariant and contravariant-type vectors in neurobiology lies in the fact that
there are two basic operations that the C~S must perform regarding an invariant
of the external world.
One operation, the covariant-type, starts from the
invariant (e.g. presenting a frog with a target), to which the CNS responds (e.g.
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by assigning to the target a set of sensations evoked in the form of different
sensory modalities of vision, ne~ring, etc).
It is of fundamental importance,
that such co~ponents of optic-auditory reception are established separately,
independently of one another (e.g. vision is possible without hearing, or that
even mono:::ular or monochromatic vision is possible).
It is also essential to
note that such covariant-type components, while they represent the invariant,
they do not physically add to generate it.
Another type of CN3 operation ends ;r,rith the invariant, e.g. -..7hen the CNS
initiates an action by tri3gering the muscles to move the body to match the
invariant (location of the fly).
Such motor action is of contr~variant type,
since, by definition, the :::omponents of muscle activities must physically
generate the invariant, the :Hsplacement.
It is also notaworthy that in such
contravariant-type expression the components are interdependent.
The above
features of covariants and contravariants are discussed in more detail in
Pallionisz & Llinas (1979c, l980a,b, l982a).
Basad on the above funda~ental tenets of the Tensor Theory, the sensorimotor
action of a frog can be conceptualized as the transformation of a c·ovariant
sensory reception vector, expressed in the sensory frame, into a contravariant
motor execution vector, expressed in a different motor frame of reference.
Such
general sensorimotor transformations invoke several major problems.
First, how
can a covariant expression be changed into a contravariant type? Second, pow can
a vector, expressej in one coordinate system, be transformed into another vector,
expressed in a frame in which the directions of the axes are different? Tnird,
how can such a transformation be performed when the number of axes in the sensory
and motor frames are different, including the possiblity of an increas~ of
dimensionality from sensory to motor?

IV.

s:::r:BM:: OF NE::JRO~AL NETtlJRKS TRANSFOR~UN:; VE:::TORIA.L BFJR:-t~TIJN
A SIN:;LE: SENSORY FRA..'1E OF REFEREN·:E TO A 3INGLE MOTOR FRA::1E

T~N3JRIAL
FR0~1

All of the above probl~ms, inherent in sensorimotor transformations, have
already oeen dealt witn in the case of a single sensory- and a single motor
system (Pellionisz & Llinas 1982 b). As it was shown there, the basic covariantcontravariant transformation can be implemented by a network that performs the
role of a contravariant metric tensor.
Tne covariant and contravariant metric
describes the relationsnip of these two kinds of vectors (cf. Fig. 3. in
Pellionisz & Llinas 1980a). The matrix of the covariant metric and its inverse
or generalized inverse, in case of singularity, (Albert 1972) establish the
required transfor.nations between covariant and contravariant type expressions.
The change of the direction and the number of axes from one coordinate-system to
~mother
can
be
implemented
by
a
network
that
performs
the
so-called
covariant-embedding transformation (for details, see Pellionisz & Llinas 1980a,
1982b, and detailed numerical explanation in Pellionisz l983b).
A "tensorial blueprint" of the amphibian CNS was offered in Figs. 7. and 8.
of Pellionisz & Llinas (1982b).
In these schemes, the transformation of a
sensory covariant reception vector into contravariant sensory perception vector
was suggested to be the role of the superior colliculus.
The telencephalon
("sensorimotor cortex") was to perform the covariant embedding from sensory to
motor frame (independent of the number of axes).
Finally, the cerebellum was
pictured to serve as the motor metric which transformed the covariant motor
intention into contravariant-type motor execution.
For detailed description of
the network-operations the reader must be referred to Pellionisz & Llinas 1982ab,
and to further explanation in Pellionisz 1983o.
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COVARIANT

1JsENSORY RECEPTION//

optic-auditory
target
·
reception
&r

lo

I

CONTRAVARIANT II II
MOTOR EXECUTION

vestibular
reference
receptio~

Fig. 1. Symbolic depiction of natural frames of reference in which multisensory-multimotor transformations are expressed by neuronal networks of ~NS.
V. TENS::>RIAL SCHEME OF t1ULTISENSORY-MULril'iOTOR TRANSFORL"!ATIONS BY NEURON NETS

A more
complex,
multisensory-multimotor
scheme
of
visuoa~Utory
and
vestibular coordination is outline:i in the scheme (Fig .10.) provi:led in this
paper.
This expands the previous model by one major ne1o1 consideration:
The
complexities of sensorimotor transformations in the CNS are better represented by
a model in which the CNS draws information from several sensory modalities and
transforms the coor:iinated input into different optional motor responses.
In the particular example of a frog, motor options are such basic survival
skills as e.g. stabilizing the horizontal position of the head by forelimb
muscles, turning the head by "optokinetic" head nystagmus into central targeting
position by neck muscles, and snapping by a whole "body saccade" to a target by
hindlimb muscles (Fig.l.).
A particularly significant problem is, that the frog
must use a coordinated input from different sensory modalities to perform such a
delicate act as snapping to a fly from a rolling platform (e.g. a lillypad}. The
space-time coincidence that is implied in a target interception obviously cannot
be achieved without visuoaditory target reception.
However, since the snap
involves moving the whole body against gravity, a successful implementation must
take into consideration the vestibular information about the reference; the
initial position, velocity and acceleration of the body.
Thus, a sensort
coordination of visuoaditory and vestibular information is involved here, as well
as the location of the target and a spatiotemporal prediction of its future
position.
All such transformations from one frame to another are performed by
CNS neuronal networks (Fig.2).
These functions are known to be executed with the
help of the superior colliculus.
Visuoaditory-vestibular interaction (cf. Henn,
Cohen & Young, 1980}, and especially motor coordination are closely related to
cerebellar function (cf. Llinas & Simpson, 1981}.
Thus, a snapping action (or
the less complicated head-nystagmus or horizontal head-stabilization) are all CNS
operations that most conspicuously involve both tectal and cerebellar actions.
Accordingly, such functions must be addressable by Tensor Theory if it is claimed
as an approach with a substantial integrative power.
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COVARIANT
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fP.

I /SENSORY RECEPTION//

CONTRAVARIANT
MOTOR EXECUTION

Fig. 2. Tensorial scheme of the CNS neuronal networks of amphibia, performing
sensorimotor transformations expressej in frames shown in Fig.l.
Superior Colliculus: Acting as a Sensory Hetric
In some sensory systems it is a self-evident physical fact that the primary
sensory reception takes the form of a covariant vector expressej in a
non-orthogonal frame of reference.
This is the case in the semicircular canal
system of the vestibular apparatus, where each of the non-ortho;onal set of
canals (Curthoys et. al., 1975) responds proportionately to the cosine-projection
of the acceleration onto the plane of each canal. The method of establishing the
separate componeni:.s independently from one another can also be made obvious by
lesioning one canal; the function of the others will not change. The concept of
a covariant vestibular vector has been explicitly utilized in developing
tensorial models of the vestibule-ocular reflex system (Pellionisz & Llinas
l980a, l982b, Ostriker, Pellionisz & Llinas 1982, and Robinson 1982).
The separate and overcomplete covariant measures of invariants by different
sensory mojalities, (e.g. vision, audition), all have been widely reported to
converge in the colliculus superior (cf. Jay & Sparks, 1982). This leads to the
concept, stating that the colliculus may serve as a sensory metric; not only in
the sense that it converts the covariant reception into contravariant sensory
perception (cf. Pellionisz & Llinas l982b), but also that different sensory
modalities can be interpreted as representing different axes in a unified sensory
hyperspace.
In this manner, just as binocular vision adds a new dimension to
target perception, or color reception adds still another, audition may be
interpreted as an independent but unifiable component of a multisensory vector.
This interpretation describes the colliculus not as an optic tectum, where
projections of from different sensory modalities may be separated according to
their spatial distribution, but rather, as a multisensory coordinator where the
different sensory modalities may be related to one another, yielding a unified
(contravariant) sensory percept.
Thus, while at the primary sensory reception
level a target may be visually or acoustically detected, the perception of a
target location, for example, should not (and, in fact, cannot) be dissected to a
"seen• and a "heard" position. This feature becames even more evident when the
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COVARIANT

CONTRAVARIANT
MOTOR EXECUTION

Fig. 2. Tensorial scheme of the C~S neuronal networks of amphibia, performing
sensorimotor transformations expresse~ in frames shown in Fig.l.

repr~sentation of
space-time is consi1ered in the CNS (Pellionisz & Llinas
1982a,b).
It is well known that auditory, and especially visual reception, are
considerably slow types of neuronal information processing. A successful snap at
a fast-flying target would not be possiole if a) a separate "seen" and a "heard"
target-positions would be establishe1 by the C::.IS, since the tw-o would differ by
their delays, and b) if the unified tar3et-perception would not temporally
predict the woul1-oe target position.
Predictor-modules and a neuronal network
serving as a metric tensor were demonstrated to be feasible in the cerebellum.
Tne •temporal lookahead module"
(Pellionisz & Llinas 1979b, 1982o)
is a
functional redefinition of the role of stacks of Purkinje cells, albeit it is not
incompatible with the morphological lateral-inhibition sche1ne (Szentagothai 1963,
1968).
The possibility is raised here that experimentation may find tectal
neurons ·;o~ith firing characteristics that correspond to first- and second-order
time-differential of the input. These may serve as the basis of lookahead modules
in the tectum similar to those in the c~rebellum (c.f. Pellionisz & Llinas 1979b).

CS

COLLICULUS:
sensory metric
convergence of sensory modalities
space-time prediction
cont ravariants for:
geometrical decisions on invariants
c oordina te-transforma tion

2 !0
contra variant
target
perception

Fig. 3. Suoerior Colliculus: Transforms covariant target reception (t0 ) into
contravariant
target
perception
vector
(t 0 ),
expressed
in
orientation
(visuoaditory) frame of reference.
The notation of vectors throu3hout this
paper is that the symbol stands for the type of information carried by the
vector ( t: target) , the sub- or superscript denotes the frame in which the
invariant is expressed (o: optic-type frame), subscripts and superscripts are
used to denote covariant and contravariant expressions, respectively. Different
vectors are also assigned a number and a verbal expression throughout this
paper (e.g. 2; contravariant target perception; t 0 ), for heuristic reasons
and to ease the tracking of the traffic of vectors in Fig. 10.
TWo further, higher-level arguments support the view tnat the tectum may
serve as a sensory metric. A technical requirement in the CNS is, arising from
the changing of coordinate systems (eg. from sensory to motor),
that a
contravariant expression of the sensory information, in addition to the covariant
sensory reception, must also be available.
Tnis enables a covariant embedding
procedure (see the explanation of this operation, in Pellionisz l983b). An even
stronger, functional requirement for the contravariant expression is that
targeted movements necessitate certain decisions, made within the CNS, on
external physical
invariants.
Size,
stereoscopic distance,
velocity and
direction are all "physical objects", that are represented by covariant vectorial
expressions inside the CNS.
~s pointed out in Pellionisz
&
Llinas (1982b) ,
availability of both the covariant and contravariant expressions of an invariant,
expressed in the same frame of reference, yields a measure of the invariant by
the inner product of the two vectorial expressions.
Summing the products of the
- 10 -

two kinds of components is an operation easily implemented by neuronal networks
(see Fig. 7. in Pellionisz & Llinas 1982b).
"Sensory Cortex": Intention Selection on the Basis of
Invariants

~eometric

Decisions on

Given that the tectum makes a contravariant target perception vector t 0
available, this vector together with the covariant target reception vector t 0
enables geometrical de=isions based on properties of the external invariant such
as size, distance, velocity, etc.
A network, tentatively placed into the
telencephalon "sensory cortex", is pictured in Figs. 2. and 10. as implementing
the inner product of the covariant optic-auditory target reception vector t 0
with the tectum-supplied contravariant target perception vector
t0•
The
resulting d 2 value, for example, can serve as a basis for sending an inhibitory
"block" of a snap intention in the "sensorimotor" area of the cortex, whenever

SC

SENSORY CORTEX d 2=t 0 t0
intention selection
neck: optokinetic h~ad nystagmus
forelimb: horizont stabilization
hindlimb: snap (body saccade)
Fig. 4. Sensory Cortex: Geometrical decisions in invariants by inner product
of covariant and contravariant sensory vectors.
this d distance of the target is larger than the range of snap.
Thus, while all
motor intentions; an optokin~tic head nystagmus (a compensatory response to a
slow yav~ of a large array of the sensory percept), a horizon-stabilization (a
compensatory response to slow roll of a large array of the sensory percept) and a
snap (a matching response to a fast displacement of a target-size array of the
sensory percept) are generated in a parallel manner in the "sensorimotor" area of
the CNS (in a manner described later in this paper), only the motor intention
unblocked by the sensory-cortex-induced intention-selection, will prevail.
Accessory Optic System: Expressing Non-vestibular Information in Vestibular
Frame of Reference: Necessary for Visuoaditory and Vestibular Coordination
As mentioned earlier, especially those movements that involve rapid actions
of a significant proportion of the mass of the body, for obvious physical reasons
cannot be properly executed while ignoring the position, velocity & acceleration
of the body in reference to gravity.
On the other hand, target information is
primarily given in the visual (auditory) frame of reference. This necessitates a
coordination of visuoaditory and vestibular .sensory information.
For various
aspects of visuo-vestibular coordination, see Llinas & Precht (1969, 1976) and
the review by Henn, Cohen & Young (1980).
For the above physical reason, it is postulated that target-oriented actions
(especially a snapping) are organized in "vestibular" coordinates, which already
- 11 -

carry covariant reception-information about the posture-reference.
An important
series of experimental findings that corroborate this suggestion, in more ways
than one, were made by
<-iaekawa & Simpson (1973), Simpson et. al. (1981) an:l
Lazar (1372).
First, it has been found that visual information is projected
(through the a;::cessory optic system; AOS) to the vestibulo·:::erebellum. Second, the

AOS

ACCESSORY "
OPTIC SYSTEM V
non-vestibular
target
orientation
in vestibular
coordinates

3

tv

covariant vestibular
target correception

Fig. 5. Accessory Ootic System: Yielding information on target orientation,
expressed in vestibular coordinates: hence target and reference informations
are made com~~tible.
A~S

represents this non-vestibular orientation-information vectorially, in a
natural non-orthogonal =oordinate system inherent in the CNS.
Third, this
internal frame of reference for visual orientation is strikingly si~ilar to the
coordinate-axes of the vestibular system.
While the nature of the ve:::torial
expression in the A~S is currently under investigation (cf. Si~pson et. al,
1932), given the se:1sory character of this CN'S subsystem here we tentatively
assume that the AOS provides a covariant, secondary reception of the target in
vestibular coordinates (hence the term vestibular correception is introduced) •
Vestibulocerebellum: Vestibular and Visuoaditory Coordination
It is known that the vestibulocerebellum receives vestibular
sensory
information expressed covariantly in vestibular coordinates (cf. Llinas & Precht
1969, 1376).
The reference signal r 11 and the covariant target correception
tv (exprassed also in vestibular coordinates) together present a possibility
for a new interpretation of the function of the vestibulocerebellum.

VCB

VESTIBULO- "
CEREBELLUM V

5 pv

~

contravariant
vestibular
posture correction
concept
Fig. 6. Vestibulocerebellum: Covariant-contravariant transformation of the
posture-correction vector (target-reference).
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The present interpretation is both consistent with the earlier suggestion that
the cerebellum serves as a covari~nt-contravariant metric transformer (Pellionisz
& Llinas l990a), and also fits into tha extended scheme of multisensorymultimotor system.
Further, while it is a complicated digression, it may be
briefly outlined in this paper how the cerebellar climbing fiber system wouB
significantly interfare with the visuoaditory-vestibular coordination in cases
when there is a mismatch of these two vital subsystems (cf. Llinas & Walton 1979).

VCB

vestibular and
visuoaditory
coordination
mf,cf~tv

mossy
fibers

Pv= tv- rv
target

tv _,._ ===ttt:tli-+Hha-,.~~:_

-rv .,. . . .

reference

climbing
fibers

inferior olive

Cv= tv +rv

Fig. 7. Vestibula-cerebellar circuitry: transforming Pv (covariant posture
correction vector) into contravariant form pv.
Abbreviations: en: deep
cerebellar nuclei, vn: vestibular nucleus.
Fundamentally,
the function of vestibulocerebellum is envisioned as
receiving an input that is the difference of . the covariant target and covariant
reference, and transforming this difference into a contravariant expression. The
resulting vector will represent how the posture needs to be corrected (either by
head-saccade,
body-saccade,
or
forelimb-roll).
While this vector
is a
contravariant expression (thus it is physically executable to yield the necessary
- 13 -

invariant), the medium in which it is expr;ssed is vestibular, different from the
actually usable motor frames of reference.
Such CNS vectors that do represent
needed actions in an ex;c~table expression but in a non-executory medium, may be
called concept-vectors (a concept b~ing an isomorphic representation of the
reality, but one that needs to be carried out in executable media).
Fig. 7. featuras the mossy fibers as representing the difference of target
and reference coordinates
<Pv=tv-rv>·
The inferior olive is expected to
perform a complementary operation; firing according to the sum of these signals,
whenever the visuoaditory and vestibular systems conflict
(cv=tv+rv>·
If
only the mossy fiber
system acts,
the cerebellar circuitry performs a
pv=gvv• .piT
metrit::
transformation
{;nf
to
pv).
Such
transformation
is
explained in detailed, numerical form in Pellionisz (1983b). However, the mossy
fibers together with the climbing fiber vector will override the vestibular
reference (yiel:Hn.; a posture correction vector that relies exclusively on the
visuoaditory system, ignoring the vest~oulum: mf,cf -- tv>. This interpretation
is in good agreement with the compensatory behavior of rats with vestibular
lesion (Llinas and ~~alton 1979).
An even further implication relates to the collision of the covariant
clim~ing
fiber vector .cv in tne cerebellar nuclei with its contravariant
counterpart cv {arriving via the Purkinje cells). As suggested in Pellionisz &
Llinas (1981) such collision may be the basis of modification of metric
connections in the cerebellar nuclei.
"Sensori~otor

Cortex":

~otor

Intention Yielded by Covariant Embedding

The contravariant posture correction vector pv, expressed in vestibular
coordinates, may be transformed into frames of motor execution; either of the
hindlimb muscles, of the neck muscles or the for;limb ~uscles, respectively. Tne
required transformation, called covariant embedding procedure, is similar to such
operation elaborated in Pellionisz & Llinas l982b, Figs. 7 ,8.
Since further,
detailed explanation of such operation is given in Pellionisz 1983b, within this
paper this transformation is only symbolically represented.

SM

SENSORIMOTOR
CORTEX

covariant embedding

from posture correction concept
to motor intention
Fig. 8. •sensorimotor Cortex":
Covariant embedding of contravariant posture
correction vector (expressed in vestibular coordinates) into executable medium,
but not physically executable form (motor intention) •
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As stressed earlier, this transformation can be implemented e~en if there is
a mismatch of the dimensionality of the vestibular and the motor frames.
However, it yields covariant motor intention vectors, which are expressed in an
executory medium but in the version that would yield physically incorrect
execution.
These vectors ih, in, if are expressed in the hindlimb-, neckand forelimb-muscle frame, respectively.
As also pointed out already, tne
release of the behaviorally adequate motor
intention vector
requires
an
unblocking by the intention-selection neuronal network.
The contravariant motor execution vectors (expressed in proper motor frames)
will generate a compensatory displacement of the body; ideally producing a
displacement which matches perfectly the invariant that triggered the tensorial
sensorimotor response.
Cerebellum: Covariant Motor Intention Transformed into Contravariant
Execution

~otor

This last step of the transformation has been suggested to be the role of
the cerebellum.
Since this fun:::don is elaborated elsewhere (:::f. Pellioni.sz &
Llinas l982b, explained in Pellionisz 1983b), it is not discussed here in detail.

CB

CEREBELLUM eh=ghh'ih,
motor intention to execution

9 eh
10 e"
11 ef
Fig. 9. Cerebellum: metric transformation from intention (i) to execution (e)
vectors, expressed in hindlimb-, neck- and forelimb-muscle frames, respectively

*
Finally, the entire scheme of transformations of various vectors through the
neuronal circuitries of the CNS is presented in the tableau of Fig. 10.
There,
the flow and the transformations of the vectorial information can be traced
throughout the schematic representation of the CNS of Amphibia.
It is emphasized, that the attempt of this paper at putting forward a
coherent conceptual framework for dev:!loping a working model of sensorimotor
systems (summarized in Fig.lO) does not, at all, have the character of a
conclusion of existing modeling efforts.
Rather, it may be interpreted as an
outline for a just unfoldin; new way of lookin; at brain function.
It might
result in a primary understanding of ~NS, brought into completion (in the not
immediately foreseable future) as a result of tremendous further investment in
effort and time.
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